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ABSTRACT 

The  perturbation  equation  of  masseless  fields  for  Kerr-de  Sitter  geometryare  written  in  form  of  seperable 
equations  as  in  [17]  called  the  Angular  Teukolsky  equation.  The  Angular  Teukolsky  equation  is  converted  to  General 
Heun's  equation  with  singularities  coinciding  through  some  confluent  process  of  one  of  five  singularities.  As  in 
[4,  16,  and  17]  rational  polynomials  of  at  most  degree  six  are  introduced. 

AMS  Subject  classification:  33XX. 
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1.  INTRODUCTION 

Teukolsky  equation  is  the  consequences  of  perturbation  equation  fer  Kerr-de  Sitter  geometry  with  the 
separability  of  angular  and  radial  parts  respectively.  Carter  [18]  was  the  first  to  discover  that  the  scalar  wave  function 

1 

is  separable.  Other  consideration  is  the  -spin  electromagnetic  field,  gravitational  perturbations  and  gravitino  for  the 
Kerr-de  Sitter  class  of  geometry. 

The  Teukolsky  equation  is  applicable  in  the  study  of  black  holes  in  general.  The  solutions  of  the  equation  are 
in  most  cases  expressed  as  series  solutions  of  some  specialized  functions.  This  approach  has  been  carried  out  by  so 
many  researchers  say  Teukol-  sky  (1973),  Breuer  et  al  (1977),  Frackerell  and  Crossman  (1977),  Leahy  and  Unruh 
(1979),  Chakrabarti(1984),  Siedel(1989),  Suzuki  et  all  (1989)  just  to  mention  but  few.  Although  Teukolsky  equation 
has  five  singular  points  one  irregular  with  four  regular  points.  By  some  confluent  process,  these  singular  points  are 
reduced  to  four  coinciding  with  the  singular  points  of  Heun's  equation. 

The  objective  of  this  work  is  to  obtain  polynomial  solutions  for  the  derived  Tuekolsky  equation  through  its 
conversion  to  Heun's  equation  through  rational  polynomials  of  degree  at  most  2.  New  solutions  in  terms  of  the 
rational  polynomials  are  obtained. 

The  paper  is  organized  as  follows;  The  first  section  deals  with  the  introduction  of  Teukol-  sky  equation,  the 
second  section  deals  with  the  derivation  of  Teukolsky  using  the  work  of  [17],  the  third  section  has  to  do  with  the 
derivation  of  Angular  Teukolsky  and  its  conversion  to  Heun's  equation  and  the  fourth  section  has  to  do  with  Heun's 
differential  equation  and  its  transformation  to  hypergeometric  differential  equation  via  rational  polynomials  of  at 
most  degree  6.  The  fifth  section  gives  the  various  results.  All  processes  follow  the  works  in  [4,  16,  17]. 
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2.  THE  TEUKOLSKY  EQUATION  [17] 

Tekolsky  equation  was  derived  using  the  Kerr  (-Newman)-de  Sitter  geometries 

ds2  — — p2  (^—  + ^—)  — A9sin  9 [adt  — (r2  + a2)d(p]2  + - — Ar  ( dt  — asin2  Odcp)2, 

r \ Ar  Aq  J (l+a)2p2  1 v y rJ  <' — 1Z-2V 


(l-q)2p2 


(2.1) 


Where 

Ar=  (r2  + a2)  (l  - ^r2)  - 2 Mr  + Q2  = 
— ^j(r  — r+)(r  — r_)(r  — r’+)(r  — r'_), 


„ Aa2  7 

Ae  = 1 + acos^9,a  — — ,p  = r + iacosd  And pz  = pp. 


(2.2) 


Here  A is  the  cosmological  constant;  M is  the  mass  of  the  black  hole,  rM its  angular  momentum  and  Qits 
charge.  The  electromagnetic  field  due  to  the  charge  of  the  black  hole  was  given  by 


Audx **  = - Q\2  2 

^ (1 +a)2p2 


( dt  — acos28dcp"). 


(2.3) 


In  particular,  the  following  vectors  were  adopted  as  the  null  tetrad, 

tp  _ /(l+g)(r2  + q2)  q(l+q)\ 

1 ~ V Ar  ’ ’ ’ Ar  )’ 


= — - ((1  + a)(r2  + a2),  — Ar,  0,  a (1  + a )) 

2p 


//  */j 


= — p — (ia(l  + a)sinO,  0,  Ag, 

p^2A^v  v y H sinG 


(2.4) 


It  was  assumed  that  the  lime  and  azimuthal  dependence  of  the  fields  has  the  forme  ‘(rut  — m11),  the 
tetrad  components  of  derivatives  and  the  electromagnetic  field  were 


L9  = D0,n^d„  = | j|  £>+,*»%  = ^4, 


^ V2 p*  u ^ 2 p2 


— m^A^  — 0 


(2.5) 


Where 


D0  = ar  _ (Mil  + n D+  = ar  + + n Mn 

u r Ar  A r ' n r Ar  Ar 


_ i(l+q)H  dgi/K^sinG) 

Lr,  — da h n == . 

A g yfAgsinG 

rt  _ a i(l+q)H  , „ d g{yfAgsinG) 

Ln~dg-^^+n  -^—g  . 


(2.6) 


With  K = o)(r2  + a2)  — amand  H = —awsinO  + 


sinO 


NASS  Rating:  3.30  - Articles  can  be  sent  to  editor@impactjournals.us 


New  Solutions  of  Angular  Teukolsky  Equation  Via  Transformation  to  Heuns  87 

Equation  with  the  Application  of  Rational  Polynomial  of  at  Most  Degree  2,  3,  4,  5,  6 


Using  the  Newman-Penrose  formalism  it  was  showed  that  perturbation  equation  in  the  Kerr-de  sitter 

1 3 

geometry  is  separable  for  massless  spin  0,-,1,-and  2 fields.  Similarly  in  the  Kerr-Newman-de  sitter  space  those 
1 

for  spin  0,— fields  are  also  separable.  The  separated  equations  for  fields  with  spin  s and  charge  e were  given  by 


[V 

— 2(1  + a)(2s  — 1 )aa)cos9  — 2a(s  — l)(2s  — l)cos20  +x]Ss(0)  = 0 
[ArD1Ds  + 2(1  + a) (2s  - l)ico  - ^(s  - l)(2s  - 1) 

2(1 +a')eQKr+iseQrdrdr 


+ 


2 iseQ  — x]/?s(r)  = 0 


(2.7) 


3.  TRANSFORMATION  OF  TEUKOLSKY  EQUATION  TO  HEUN  S EQUATION  [17] 


It  was  shown  in  [17]  that  the  Teukolsky  equations  after  separation  can  be  transformed  to  the  Heun's 
equation  by  factoring  out  a single  regular  singularity. 


3.1  Angular  Teukolsky  Equation 

From  (2.7),  the  angular  Teukolsky  equation  after  separation  was  shown  to  be 

{£;[(!  +ax2X  1 -*)£;]  +x  -s(l  - a)  + ^-^-f2  - 2ax2 
+ ^**2  [s(am  — (1  + a)f)x  — — 2 — 2m(l  + a)^  + s2 

_ (l-g)2m2  _ (l-g)(sz+2snu:).  . 'i  — f) 

~ (l+ax2Xl-x2)  l^x2  ^ W ~ U’ 


(3-D 


Where  x = cosd  and  (=flw.  This  equation  has  five  regular  singularities  as  ±1,  + J=andoo.  It  was  also 
noted  that  the  angular  equation  has  no  independence  on  M ad  Q.by  choosing  the  variable  z such  as 

i_J_ 

_ _ x+1 
z ~ ■>  . i 


Then  (3.1)  takes  the  following  form. 


{■^7  +[-  + — + — — 1 ~ } 

L z z—  1 z-Zc  z-ZoqJ  dzj 


A (m-s\l  1 f m—s\ z 1 t (l+a  r y/am+Ls\  1 

1 V- 2~ ) (z-i)2  + t 77  * 


2 / (z-zs)2 

2 


+ 


) + 

-p  [—  — fl  _p  4a  A _p  s 2 ( _|_  2 tmsVa 

L 2 \ + (l + iTa) 2 / + 2 Vl+iV77  + 1-t 

]7 


(z  Zqo)2  L 2 V (l+iVa) 

x— 5(1— a)— 2a+2(l+a)(ra+5)f-.  1 


-Lyfa 


(l+iVo) 

4a 

(i+tV5)z 


pn2  ^ . 4a  . s2  /l+iVa\2  2 imsyfa 

2 ^ (T+tVaW  2 Vl-ivW  1-iVa 
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x-s(l-a)-2a+2(l+a)(m-s)f,  1 

(l+iVa)2  ^z-1 


o 2 Lyjam  7 V«(l— a)  a:  i\/a(x— s(l— a)+2) 

— mz  — — — — — ms 1 7 — 

(1 +a)2  (1+a)2  1+a  (1+a)2 

2iylam+(a— 4 8iV«  1 


+ 


-I  e-- 


z-Zc  1— a:  z—Zr 


-}S(z)  = 0, 


(3.2) 


Where  A1  — ^ ,A2  = ^ 5 1 and  A2  = ± l- (^p=  — — ts).  Now  /(z)satisfies  the  equation 


2^+1  + 2£^l  + 2^3  + 1 p±Z+M  = Q) 

Ldz2  L z z— 1 z—zs  J dz  z(z— l)(z— zsJJ 


(3.3) 


Where 


pi—  A±  + A2  + A3  + A2  + 1 

u — ^={x  — -5(1  — a)  — 2a  + 2(1  + a)(m  + — (l  + i\[cc)2  (2i41i42  + i41+i42) 

— Al^fa{2A^A2  + Ax  4-  43)  [4 a + 1 + (tV^)2] 

s3 

+ — (1  — tVa)2  + 2tmsVa(l  + Va)}- 

Equation  (3.3)  is  called  the  Heun's  equation  which  has  four  regular  singularities.  The  /(z)  is  determined  by 
requiring  non-singular  behaviors  at  z =0  andl.  We  can  take  either  one  of  signs  of  43to  find  the  solution  S^zjin 
terms  of  solution  of  Heun's  differential  equation. 


Every  homogenous  linear  second  order  differential  equation  with  four  regular  singularities  can  be 
transformed  into  (3.3)  with  the  assumption  that  2 Ax  + 1 —y,2A2+  1 —S,2A3+  1 — e,  pi— a/3  and 
u — q,z  — t and,  zsas  defined  above,  and  read  as 


dtz 


■ + 


{-+  — + —'l 

^ t t—  1 t-d) 


du 


+ ■ 


a/3t—q 


dt  t(t— l)(t— d) 


u — 0, 


(3.4) 


Where{a,  /?,  y,  e,  d,  q}(d  =4  0,1)  are  parameters,  generally  complex  and  arbitrary,  linked  by  FUSCHAIN 
constrainta  + (3  + 1 — y + 8 + e.  This  equation  has  four  regular  singular  points  at  (0,1,  a,  oo}„  with  the  exponents 
of  these  singular  being  respectively,  (0,1,  — y},  (0,1,  —5},  (0,1,  — e}and {a,  (3}.  The  equation  (3.4)  is  called  Heun's 
equation. 


4.  HEUN  TO  HYPERGEOMETRIC  IN  KUMMER  FUNCTION  [4] 


In  this  section  we  show  that  the  Heun's  equation  (3.4),  derived  from  transformation  of  Angular  Teukolsky 
Equation  can  be  solved  via  some  polynomial  transformation  by  taken  the  derivative  of  the  initial  solution  in 
relation  to  a hypergeometric  function. 

To  achieve  this  objective,  let  J-Cn(a,q-,  a,  (3 ,y,8,e-,  x) be  the  analytic  solution  of  (3.4)  around  x = 0 and 
normalized  byJ-Cn(0)  — 1,  we  seek  to  answer  the  following  questions 

(i)When  is  ?f(x)reducible  to  some  hypergeometric  equation  2Ti? 
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(ii)  When  is  DJ-C (x)a  good  choice  of  parameters? 


Maier  [4]  in  2005  solved  the  problem  (i)  in  full  generality  from  the  following  theorem,  enlarging  the  work 
of  Kuiken  [16] 

Theorem  4.17/" the  Heun's  equation  parameter  values  (a,q,a.,p,Y,Sare  such  that  the  H eun  's  equation  is  not 
trivialq  4 0 or  a(3  4 0,  and  all  four  of  t — 0, 1,  a,  oo are  singu-  lar  points,  then  there  are  only  seven  noncomposite  no 
prefactorHeun-to-hypergeometric  transformations,  up  to  isomorphism.  These  seven  transformations  involve  polynomial 
maps  of  degree  2,  3,  4,  3,  4,  5,6respectively.  A representative  list  gives 


Mn(2,a(3,a,(3,Y,a  + (3  - 2y  + 1;  t)  =2 F1  (f , f ; 1(1  - 02)- 

Kn  (4 ,a/3,  t)  =2F,  (f  ,f  ,y,  1 - (1  - t)2(l  - 0- 

Kn  (2,  a(3,  a,/3,^-,  t)  =2F±  1 - 4[t)2  + t)  - i]2). 


4-  i a(3,  Q + i a,(3,- 


X + /3  + 1 «+/?  + ! 


;0  =2F1r-r-; 


(3  a _ a+(3  + 2 


t 


3 

2 6 


(4.1) 

(4.2) 

(4.3) 

(4.4) 


Tfn(-+  i—,a(--a)(-+—)-,a--a,-,-;t)  fJ-,— ;i;  : ^ il_\  ^ *t\  ) (4.5) 

V.2  4 \3  / \2  4 / 3 2 2 / Z 1 \4  12  2 \ 2 + 2iV2/  V 2 + 2iV2/  / 

nr  • llVl5  / 5 \ /l  , Vl5\  5 2 2 \ 

n - + i , a — a - H ; a — a,  t = 

\2  90  \6  / \2  18  / 6 3 3 / 


s(i-! 


„ , w 5— 6a  2 2025 

2*  i I r,- — ;r; r — n 


' 2 6 ' 

5.  MAIN  RESULTS 


(4.6) 

(4.7) 


Let  us  notice  that  the  six  quadratic  transforms  of  Kuiken  reduces  to  one,  the  others  being"  composite" 
resulting  from  the  known  quadratic  transforms  of  the  hypergeometric  function2F1.  Also  the  four  last  cases,  the 
singular  point  x = a is  located  in  the  complex  plane.  Applying  the  derivative  property  of  the  hypergeometric 
functions: 


£ gFi(a,b-,c-,x  = R (t))  = ^-F(t)2F1(a  + 1,  b + 1;  C + l'x  = R(t)J  (5.1) 

For  instance,  the  derivative  of  the  second  degree  transformation  i)  generates  another  2F1with  a linear  prefactor 

(f  ■ 7 r:  1 - (1  - 4)  = -gc-1  + O/i  r;  2t  - tq,  is.a 

and  the  pull  back  operator  with  J-Cn  — S„to  reflect,  the  solution  of  (3.1),  gives 

^Sn(2,a/3 ,a, [3 ,Y,a  + f3  - 2y  + 1;  t)  = Sn(2,(a  + 2){j3,  +2), [3,  +2,  a + 2 ,y  + 1,  a + /?  — 2y  + 3;  t).  (5.3) 
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dt 

d 

dt 


^Sn  (4,  afi,  a,  P,1-,2-^1 ; t)  = (3~^+t2)  X Sn  (4,  a + 3),  QS  + 3);  a + 3;  p + 3,\ ; t) 
Sn  (2, a.p-,  a,p,^l,^;  t)  = ^(2 12  - 4t  + 1)(-1  + t)  x 
5n  (2,  a + 4)(/?  + 4);  a + A.p  + t). 

£5n(i+i^aA(i+i^M#£±£±i;£±£±i;t) 

dt  71  \2  2 r v2  2 r 3 3 / 

= 6a/?(— 3 - iV 3 4-  6t)2(a  + /?  + 1)-1(3  + {V3)~3  x 

Sn  g+  if  ,(a  + 1)(/?  + 1)£+  if , (a  + 1)(/?  + i)#E±^±i;E±|jl;t). 

d _ /I  , . 5V2  .2  W1  , .V2  2 1 1 A 

— ( — hi  — , a( — a)(-+  i — ; a, — a, = 

dt  \2  4 v3  'v2  4 3 2 2 / 


4a(-2+3a:  (-2-iV2  + 4t)  (-l-2iV2+2t 
3(2+iV2)3(2  + 5iV2) 

„ /I  . 5V2  . „w10  N ,1  . V2  .14  3 3 \ 

5„  (-4- 1 — , — (a  + 4)( a)  (-4-  i — ; a + 4, 

n \2  4 v ' v 3 yv2  4 3 2 2 / 

d ~ /I  . . llVl5  .5  . .1  , . Vl5  5 2 2 \ 

— ( — hi , a( — a)(-  + l — ; a, — a,-,-;  1 1 = 

* V2  90  v6  ' v2  18  6 3 3 / 


dt 


Vl5  . 


-la 


(-5  + 6a)(l8t  - 9 - iVT5)2(-90t  + 9 + iVl5  4-  90t2  - 2itVl5  x 


„ /I  . llVl5  , ..  . 25  . ,1  . VTH  _ 25  5 5 \ 

S7,  ( — hi , (a  + 5)( a)(-  + i ; a + 5, 

\2  90  v yv  6 'v2  18  6 3 3 / 

r A . -V3  V1  . . 2 2 ,\ 

5"li+lT'“(l  _a)(2  + lT;a;1_a’3’3;£J  = £' 


d 

dt 


a) 

3 

1 

2 

(2-  2 

r 

Sn  Q±  i f<(«  + l)(-a)(^+  1 Y;a  + 1;_a'3'3;t) 

6.  CONCLUDING  REMARKS  AND  SUGGESTIONS 


(5.4) 


(5.5) 


(5.6) 


(5.7) 


(5.8) 


(5.9) 


In  this  paper,  we  have  shown  that  the  solutions  of  the  derived  Angular  Teukolsky  equation  transformed  to 
Heun's  equation  could  be  obtained  in  form  of  Heun's  functions  via  polynomials  of  at  most  degree  six  transformations. 
The  new  solutions  obtained  were  as  a result  of  the  work  of  [4].  The  integral  operator  application  is  also  in  progress. 
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